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Black-Litterman model 
with intuitionistic fuzzy posterior return 
Abstract: The main objective is to present a some variant of the Black - Litterman model. We 
consider the canonical case when priori return  is determined by means such excess return from the 
CAPM market portfolio which is derived using reverse optimization method. Then the a priori return 
is at risk quantified uncertainty. On the side, intensive discussion shows that the experts‘ views are 
under knightian uncertainty. For this reason, we propose such variant of the Black - Litterman model 
in which the experts‘ views are described as intuitionistic fuzzy number. The existence of posterior 
return is proved for this case.We show that then posterior return is an intuitionistic  fuzzy probabilistic 
set.  
Keywords:  Black-Litterman model, intuitionistic fuzzy number, quantitaive uncertainty, knightian 
uncertainty, imprecision 
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1. Research problem 
The Black-Litterman model (BLM in the sequel) was introduced by Black and Litterman [6], 
expanded in [7,8]  and discussed in detail in [3, 11, 16, 27]. BLM combines the CAPM [23], reverse 
optimization [24], mixed estimation [25, 26], the universal hedge ratio from Black’s global CAPM [4, 
5, 16], and mean-variance optimization [18].The BML is applied for asset allocation in many financial 
institutions. This model provides the flexibility of combining the market equilibrium with additional 
market views of the investor.  
In subject literature we have many versions of BLM. In each version investor’s views are 
represented by vector of random variables. This representation requires the assumption that investor’s 
views are under quantitative uncertainty. On the other side, this assumption is not empirically 
verifiable because of the investor’s views are very intuitive. Thus, we can only assume that investor’s 
views are under knightian uncertainty [14].  
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The intuitionistic fuzzy sets [1] may be applied as an image of knightian uncertainty. Therefore, the 
main aim of this article is to present possibility of using the intuitionistic fuzzy sets to describe 
investor’s views.   
2. Black-Litterman model - the basic case 
BML uses the Bayesian approach to infer the assets’ expected returns [6]. With the Bayesian 
approach, the expected returns are random variables themselves. They are not observable. One can 
only infer their probability distribution. The inference starts with a prior belief. Additional information 
is used along with the prior to infer the posterior distribution. In BLM, the prior distribution is the 
CAPM equilibrium distribution and the investor’s views are the additional information.  
The set Ω is a set of all elementary states 𝜔 of the financial market. Let’s assume that there are 
𝑛 > 1 assets in the market. The returns on these assets are represented by random variable ?̃?: Ω ⟶ ℝ𝑛 
which has a normal distribution with the expected return 𝝅 and the covariance matrix 𝚺. That is 
?̃?~𝑁(𝝅, 𝚺) .                                                                         (1) 
The BML uses “equilibrium” returns as a neutral starting point. Equilibrium returns are the set of 
returns that clear the market. The equilibrium returns are derived using a reverse optimization method 
in which the vector ?̂? ∈ ℝ𝒏 of implied excess equilibrium returns is extracted from known information 
using formula  
?̂? = 𝜆 ∙ 𝚺 ∙ 𝒘                                                                         (2) 
where 𝜆 ∈ ℝ is the risk aversion coefficient and 𝒘 ∈ ℝ𝑛 is the vector of market capitalization assets 
weights. The risk-aversion coefficient characterizes the expected risk-return tradeoff. It is the rate at 
which an investor will forego expected return for less variance. In the reverse optimization process, 
the risk aversion coefficient acts as a scaling factor for the reverse optimization estimate of excess 
returns; the weighted reverse optimized excess returns equal the specified market risk premium.  
More often than not, investment managers have specific views regarding the expected return of 
some of the assets in a portfolio, which differ from the implied equilibrium return. 
In addition to the CAPM prior, the investor also has 𝑘 ≥ 1 views on the market returns. Any view 
is expressed as a statement that for fixed 𝑖 ≤ 𝑘 the linear combination of returns 
 ?̃?𝑖 = 𝒑𝑖
𝑇 ∙ ?̃?                                                                                     (3) 
has a normal distribution with the expected value 𝜛𝑖 and the standard deviation 𝜍𝑖. The confidence to 
the view ?̃?𝑖 decreases with increase in standard deviation 𝜍𝑖. Then the investor’s views can be 
expressed as system of linear equations 
𝑷 ∙ ?̃? = ?̃?                                                                                       (4) 
where 
?̃?~𝑁(𝝕, 𝚵)                                                                                        (5) 
and 
𝑷 = [𝒑1
𝑇 , 𝒑2
𝑇 , … , 𝒑𝑘
𝑇 ],      ?̃? = (?̃?1, ?̃?2, … , ?̃?𝑘)
𝑇, 
  𝝕 = (𝜛1, 𝜛2, … ,𝜛𝑘)
𝑇 ,   𝚵 =
[
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                                           (6) 
Taking into account a prior returns and additional investor’s views we can obtain a posterior return 
having a normal distribution with the expected return 𝝅𝑩𝑳 and the covariance matrix 𝚺𝑩𝑳. That is 
?̃?𝐵𝐿~𝑁(𝝅𝐵𝐿 , 𝚺𝐵𝐿)                                                                           (7) 
where  
𝚺𝐵𝐿 = ((𝜏 ∙ 𝜮)
−1 + 𝑷𝑇 ∙ 𝜩−1 ∙ 𝑷)−1                                                          (8) 
𝝅𝐵𝐿 = 𝚺𝐵𝐿 ∙ ((τ ∙ 𝚺)
−1 ∙ 𝝅 + 𝑷𝑇 ∙ 𝚵−1 ∙ 𝝕)                                                  (9) 
for fixed scalar 𝜏 ∈ ℝ+. Walters [27] says that the meaning and impact of the parameter τ causes a 
great deal of confusion for many users of the BLM. Nevertheless, we can say that he confidence to the 
prior expected return  𝝅 versus investor’s views decreases with increase in the parameter τ.   
 The two parameters of the BLM that control the relative importance placed on the equilibrium 
returns versus the investor’s views, the scalar τ and the covariance matrix  𝚵, are very difficult to 
specify. Litterman with the “Quantitative Resources Group, Goldman Sachs Asset Management” [16] 
point out that, “how to specify standard deviations 𝜍𝑖” is common question without a “universal 
answer”. Regarding 𝚵,  Herold [12] says that the major difficulty of BML is that it forces the user to 
specify a probability density function for each view, which makes BLM only suitable for quantitative 
managers.  
3. Intuitionistic fuzzy sets in the real line - basic concepts 
Let us consider the space of all real numbers ℝ . The basic tool for imprecise classification of real 
numbers is the concept of fuzzy set 𝐴 ⊂ ℝ in which may be described as the set of ordered pairs  
𝐴 = {(𝑥, 𝜇𝐴(𝑥)): 𝑥 ∈ ℝ}.                                                     (10) 
where 𝜇𝐴: ℝ ⟶ [0,1] is its membership function.  Intuitionistic fuzzy set [1] (for short IFS) 𝐴 ⊂ ℝ is 
defined as the set of ordered triples  
𝐴 = {(𝑥, 𝜇𝐴(𝑥), 𝜈𝐴(𝑥) ): 𝑥 ∈ ℝ},                                             (11) 
where nonmembership function 𝜈𝐴: ℝ ⟶ [0,1]  fulfills the condition 
𝜈𝐴(𝑥) ≤ 1 − 𝜇𝐴(𝑥)                                                            (12) 
for each 𝑥 ∈ ℝ. The family of all IFS in the real line ℝ we denote by symbol  ℐ(ℝ).  
 We define hesitation function 𝜋𝐴: ℝ ⟶ [0,1] determined by the identity  
                            𝜋𝐴(𝑥) = 1 − 𝜇𝐴(𝑥) − 𝜈𝐴(𝑥) .                                                  (13)  
Value 𝜋𝐴(𝑥) indicates the degree of our hesitation in assessment of the relationship between the real 
number 𝑥 ∈ ℝ and  IFS 𝐴. For this reason, the hesitation function  𝜋𝐴 may be interpreted as a image of 
knightian uncertainty [14].   
 For any 𝐴, 𝐵 ∈ ℐ(ℝ) set theory operations are defined in the following way  
𝐴𝐶  = {(𝑥, 𝜈𝐴(𝑥), 𝜇𝐴(𝑥) ): 𝑥 ∈ ℝ},                                                                      (14) 
𝐴 ∪ 𝐵 = {(𝑥, 𝜇𝐴(𝑥) ∨ 𝜇𝐵(𝑥), 𝜈𝐴(𝑥) ∧ 𝜈𝐵(𝑥)): 𝑥 ∈ ℝ},                                         (15) 
𝐴 ∩ 𝐵 = {(𝑥, 𝜇𝐴(𝑥) ∧ 𝜇𝐵(𝑥), 𝜈𝐴(𝑥) ∨ 𝜈𝐵(𝑥) ): 𝑥 ∈ ℝ}.                                         (16) 
Let us consider fuzzy subset 𝐵 described by its membership function  𝜇𝐵: ℝ ⟶ [0,1]. This fuzzy 
subset can be identified with IFS represented by the set of ordered triples 
𝐵∗  = {(𝑥, 𝜇𝐵(𝑥), 1 − 𝜇𝐵(𝑥) ); 𝑥 ∈ ℝ},                                             (17) 
The hesitation function of the above IFS identically fulfills the condition 
                                 𝜋𝐵(𝑥) = 0  .                                                                   (18) 
It implies that the fuzzy sets application to create real object model is implicit acceptance of strong 
assumption proclaiming that we are always able to decide on the fulfillment by each elementary state  
requirements postulated to its. As we know from everyday observations, however, usually it is not, 
and our settlements are burdened with a noticeable hesitation margin.  This means that the extension 
of the fuzzy sets class to IFS class extends the capabilities of a reliable imprecision description.  
IFS’s are applied for description imprecise information’s under knightian uncertainty. Many this 
subject researchers (e.g. [13]) distinguish two components of imprecision. They say that in the general 
case imprecision is composed of ambiguity and indistinctness. The information ambiguity is 
interpreted as a lack of clear recommendation one alternative between the various given alternatives. 
The information indistinctness we interpret, as the lack of explicit distinguishing amongst the given 
information and its negation.  The hesitation function describes information insolubility which is 
interpreted as the lack of possibility to decide on the fulfillment by each elementary state requirements 
postulated to its. This insolubility causes knightian uncertainty. 
Intensification of the information imprecision or information insolubility decreases this information 
usefulness. This gives rise to the problem of these phenomena evaluation. In this paper we use the 
following measure suggested in [21]. 
The ambiguity is evaluated by energy measure 𝑑: ℐ(ℝ) → [0; 1] given by the identity 
𝑑(𝐴) = lim𝑦→+∞
∫ 𝜇𝐴(𝑥)𝑑𝑥
𝑦
−𝑦
1+∫ 𝜇𝐴(𝑥)𝑑𝑥
𝑦
−𝑦
.                                                                (19) 
The indistinctnees is measured by the most popular entropy 𝑒: ℐ(ℝ) → [0; 1] which is defined by 
Kosko [15] in the following way  
 𝑒(𝐴) =
𝑑(𝐴∩𝐴𝐶)
𝑑(𝐴∪𝐴𝐶)
 .                                                                              (20) 
The insolubility s evaluated by the ignorance measure 𝑘: ℐ(ℝ) → [0; 1] given by the identity 
𝑘(𝐴) = 𝑑(𝐴∗) − 𝑑(𝐴∗)                                                                            (21) 
where according to [2], for any IFS 𝐴𝜖ℐ(ℝ)  we have 
𝐴∗  = {(𝑥, 𝜇𝐴(𝑥), 1 − 𝜇𝐴(𝑥) ): 𝑥 ∈ ℝ},                                                          (22) 
𝐴∗  = {(𝑥, 1 − 𝜈𝐴(𝑥), 𝜈𝐴(𝑥) ): 𝑥 ∈ ℝ}.                                                          (23) 
An increase in imprecision or in insolubility significantly worsens the information quality.  Thus using 
the vector-valued function (𝑑(∙), 𝑒(∙), 𝑘(∙)) facilitates information quality management. Here it is 
desirable to minimize value of each coordinate. 
4. Intuitionistic fuzzy posterior return 
Let us reconsider investor’s views which are additional information in BML. In the Section 2 each 
investor’s view is represented by a random variable.  It is obvious that the probability distribution of 
any investor’s view is unobservable. Thus we can say that each investor’s view is under knightian 
uncertainty. It implies that: 
 Any investor’s view cannot be represented by random variable. 
 Any investor’s view may be represented by IFS in the real line. 
Therefore, in (3) random variable ?̃?𝑖 should be replaced by the IFS 𝑉𝑖 ∈ ℐ(ℝ). Then we obtain the 
following condition 
𝑉𝑖 = 𝒑𝑖
𝑇 ∙ ?̆?(𝜔)                                                                                         (24) 
where ?̆?(𝜔) = (?̆?1(𝜔), ?̆?2(𝜔),… , ?̆?𝑛(𝜔) )
𝑇 is a return determined for fixed elementary state 𝜔 ∈ Ω. 
It is obvious that any coordinate ?̆?𝑖(𝜔) is not a real number. Thus the vector ?̆?(𝜔) is not a 
realization of random variable. IFS 𝑉𝑖 membership function describes the distribution of possible 
value of investor’s views. IFS 𝑉𝑖 nonmembership function describes the distribution of impossible 
value of investor’s views. Importance of each investor’s view depends on this view usefulness. 
Thus importance of the investor’s view is evaluated by means of the vector (𝑑(𝑉𝑖), 𝑒(𝑉𝑖), 𝑘(𝑉𝑖)). 
The view importance decreases with increase in any coordinate of this vector.  The investor’s view 
may not be an intuitionistic fuzzy number [9] 
 For example, the IFS 𝑉𝑖 may be given as expected return rates dependent on expected future 
value and intuitionistic fuzzy present value [21]. Moreover intuitionistic fuzzy present value can be 
determined as behavioural present value [20] which explicitly depends on observed market price 
and on impact of market conditions on the investor’s beliefs. All it proves that IFS 𝑉𝑖 can be strictly 
determined as value which is verifiable.  
 For fixed elementary state ∈ Ω , immediately from (24) we obtain the system of linear 
equations 
𝑷 ∙ ?̆?(𝜔) = 𝑽                                                                                       (25) 
where 𝑽 = (𝑉1, 𝑉2, … , 𝑉𝑘)
𝑇 ∈ [ℐ(ℝ)]𝑘. In [22] is shown, that the system of equations (25) has the 
solution. The solution uniqueness is not discussed in [22].  Therefore, let us consider general 
solution as the indexed family of particular solutions  
𝑹(𝝀)(𝜔) = (𝑅1
(𝜆)(𝜔), 𝑅2
(𝜆)(𝜔),… , 𝑅𝑛
(𝜆)(𝜔))
𝑇
∈ [ℐ(ℝ)]𝑛,                                                  (26) 
where 𝜆 ∈ Λ. Each IFS  𝑅𝑖
(𝜆)(𝜔) is represented by its conditional membership function 
𝜌𝑖
(𝜆)(∙ |𝜔):ℝ → [0; 1]  and its conditional nonmembership function 𝜑𝑖
(𝜆)(∙ |𝜔):ℝ → [0; 1].  
 Let us consider now indexed family 
?̆?𝑖
(𝜆) = {𝑅𝑖
(𝜆)(𝜔): 𝜔 ∈ Ω}.                                                                      (27) 
which is a one alternative of posterior return on asset indexed by 𝑖 < 𝑛 . This posterior return is the 
intuitionistic fuzzy probabilistic set [19] represented by its membership function 𝜌𝑖
(𝜆): ℝ × Ω →
[0; 1] determined by the identity 
𝜌𝑖
(𝜆)(𝑥, 𝜔) = 𝜌𝑖
(𝜆)(𝑥|𝜔)                                                                               (28) 
and by its nonmembership function 𝜑𝑖
(𝜆):ℝ × Ω → [0; 1] determined by the identity 
𝜑𝑖
(𝜆)(𝑥, 𝜔) = 𝜑𝑖
(𝜆)(𝑥|𝜔).                                                                               (29) 
Let posterior return on asset indexed by 𝑖 ≤ 𝑛 be denoted by the symbol ?̆?𝑖 . The posterior return 
?̆?𝑖 is equal to union of all its alternatives ?̆?𝑖
(𝜆)
. Thus, his posterior return is represented by its 
membership function 𝜌𝑖: ℝ × Ω → [0; 1] determined by the identity 
𝜌𝑖(𝑥, 𝜔) = sup {𝜌𝑖
(𝜆)(𝑥, 𝜔): 𝜆 ∈ Λ}                                                                    (30) 
and by its nonmembership function 𝜑𝑖: ℝ × Ω → [0; 1] determined by the identity 
𝜑𝑖(𝑥, 𝜔) = inf {𝜑𝑖
(𝜆)(𝑥, 𝜔): 𝜆 ∈ Λ}.                                                                     (31) 
Finally we obtain the posterior return given as vector 
?̌? = (?̆?1, ?̆?2, … , ?̆?𝑛)
𝑇
  .                                                                           (30) 
Immediately from (25) we obtain that the probability measure 𝒫: 2Ω ⊃ 𝜎 ⟶ [0,1] is uniquely 
defined by the prior distribution that is CAPM equilibrium distribution. 
 In this way, we gathered all information necessary for described in [21] analysis of 
intuitionistic fuzzy return rate. 
5. Final conclusions 
 In this paper BML is modified in this way that randomized investor’s views are replaced by 
intuitionistic fuzzy views. This replacement is justified by means of the observation that investor’s 
view are under knightian uncertainty. In this way we obtain the model independent on two parameters 
which control the relative importance placed on the equilibrium returns versus the investor’s views, 
the scalar τ and the covariance matrix 𝚵.  Let us remind ourselves that the meaning and impact of the 
first parameter causes a great deal of confusion for many users of the BLM [27].  Moreover, in subject 
literature we cannot to find well justified method of covariance matrix 𝚵 estimation. Recapitulating, 
this parameters elimination allows us to replace the BML by modified BML which is free from 
subjective evaluations significance of investor views. This is the basic advantage of the proposed 
modifications BML. 
 Here it is the only proven that posterior return exists. Thus, the results so obtained may be 
only applied in finance theory as the normative model. On the other side, these results can be directly 
used in the decision making models described in [10]. It causes that results presented above can 
constitute a theoretical foundation for constructing investment decision support system. 
 Applications of the normative model presented above involve several difficulties. The main 
difficulty is the high formal and computational complexity of the tasks of determining the membership 
and nonmembership functions of posterior return. Computational complexity of the normative model 
is the price which we pay for the lack of detailed assumptions about investor’s views. On the other 
hand, low logical complexity is an important good point of the formal model presented in this paper.   
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